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Abstract

To mitigate climate change, some governments opt for instruments focused on5

new investment, like mandates, feebates, or performance standards instead of
carbon prices that would affect existing capital as well. We compare these poli-
cies in a Ramsey model with clean and polluting capital, irreversible investment
and a climate constraint. Alternative instruments imply different transitions
to the same balanced growth path. The optimal carbon price minimizes the10

discounted social cost of the transition to clean capital, but may create polit-
ical economy issues by prompting premature retirement of existing polluting
capacities and creating concentrated private costs in the form of stranded as-
sets. Second-best mandates or feebates on new capital lead to higher social
costs but smooth abatement costs over individuals and time, do not result in15

premature retirement, and avoid stranded assets. A phased-in carbon price can
avoid premature retirement but still result in stranded assets, that is in a drop
of wealth for the owners of polluting capital. We discuss a potential trade-off
between political feasibility and cost-effectiveness of environmental policies.
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1. Introduction

For the past centuries, economic growth has involved the accumulation of
fossil-fueled capital, such as coal power plants and gasoline-fueled cars, which25

release greenhouse gases (GHG) to the atmosphere. Later, science has estab-
lished that this release of GHG, if sustained over centuries, would result in
dangerous climate change. To stabilize the climate and manage disruption and
damages, economies now have to reduce emissions to near-zero levels (IPCC,
2014; Fay et al., 2015). Doing so implies a transition from production based30

on polluting capital to production based on clean, carbon-neutral capital. In
principle, the optimal policy to enforce such a transition is to use a carbon price
(Pigou, 1932; Nordhaus, 1991; Pearce, 1991), imposed through a carbon mar-
ket or, perhaps preferably (Goulder and Schein, 2013), a carbon tax. Combined
with targeted innovation policies, a carbon price could redirect investment away35

from polluting and towards clean capital at a relatively low cost (IPCC, 2014).
However, such carbon prices may create immediate stranded assets, that is

assets that suffer from premature write downs, devaluations, or that become
a financial liability. The words stranded assets are used in the literature on
climate change to describe various things (Caldecott et al., 2016): assets that40

are lost because of the impact of climate change itself, fossil fuel resources that
cannot be burnt into the atmosphere if a given climate target is to be reached
(Asheim, 2012), also called unburnable carbon (McGlade and Ekins, 2015), and
physical man-made capital which book value has to be written off, or that has
to be retired early because it was not built taking into account the new climate45

policies, such as coal power plants that become unprofitable after a carbon price
is implemented (Guivarch and Hood, 2010).

This paper focuses on stranded man-made capital. The lifetime of equipment
in the transportation, building, industry, and energy sectors range from about
a decade — in the case of a car — to half a century — for power plants —50

or even centuries — for city shapes and transportation systems (Davis et al.,
2010; Guivarch and Hallegatte, 2011; Sachs et al., 2014). Older vintages of this
capital have been built before climate change was identified as a serious threat,
and many of existing vintages have been built to be used for several decades
into the future (Davis and Socolow, 2014; Rozenberg et al., 2015; Shearer et al.,55

2017; Pfeiffer et al., 2018). A sudden change in prices induced by environmental
taxes may result in a drop of the net income those asset generate, causing them
to lose a significant share of their book value prematurely. For instance, a taxi
company would write the book value of its fleet off if gasoline prices increase
significantly. At worse, carbon prices could make carbon-intensive assets become60

entirely unprofitable. For instance, Johnson et al. (2015) estimate that a carbon
price consistent with the 2◦C target will result in the premature retirement of
at least 165 billion US dollars worth of coal power plants worldwide.

In a recent speech, the Governor of the Bank of England has expressed
concern that the magnitude of those stranded assets could be a threat for the65

stability of the financial system (Carney, 2016). In addition, it has been argued
that stranded assets may create political economy issues and obstruct the im-
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plementation of substantial carbon prices (Jenkins, 2014; Bertram et al., 2015;
Vogt-Schilb and Hallegatte, 2017). Indeed, stranded assets are a visible loss of
wealth concentrated in a few vested interests, such as the coal industry, who70

may oppose the reform — and in some cases may even have the power to veto
it (Olson, 1977; Trebilcock, 2014). Furthermore, a literature on public attitudes
towards environmental taxes suggests that there is an aversion to carbon taxes
partly driven by (i) the perception that they are inefficient, absent clean alter-
natives to polluting activities; and (ii) the perception that they are unfair, as75

their cost is perceived to fall disproportionately on a few actors (e.g., Dresner
et al., 2006; Kallbekken and Sælen, 2011; Harrison and Peet, 2012). Stranded
assets are related to both issues, as they are a symptom of limited availability
of clean alternatives in the short term, and they translate into immediate costs
concentrated on a few actors.80

This paper uses a simple model to investigate how alternative policy instru-
ments may reduce stranded assets and premature retirement of polluting capital
during the transition to clean capital. We focus on the effect of instruments such
as mandates for new power plants, buildings and appliances, moratoriums or
bans of new coal power plants, feebate programs that tax new energy-inefficient85

equipment and subsidize new energy-efficient equipment, energy efficiency stan-
dards on new equipment, or subsidized loans and tax breaks for energy efficiency
investment. All these instruments are similar in that they redirect private in-
vestment away from polluting capital and toward clean capital without directly
affecting the owners of the existing stock of polluting capital, for instance with-90

out providing incentive to drive less or operate existing gas power plants instead
of existing coal power plants.

We analyse how using carbon prices, mandates, feebates, or performance
standards leads to different costs and dynamics of the transition from polluting
to clean capital, with a particular focus on premature retirement and revenues95

from existing capital. We compare the first-best carbon price, designed to re-
duce the discounted cost of the transition, and second-best feebates or mandates
designed to minimize costs while avoiding premature retirement. A motivation
for comparing these types of instruments is that while some governments have
enacted carbon prices (World Bank, 2016), most existing emission-reduction100

policies regulate only new investment (IEA, 2016; IPCC, 2014, p. 28). In addi-
tion, phased-in carbon prices have been proposed as a way to reduce adjustment
costs (Williams, 2012); and actual implementation of carbon prices, for instance
in British Columbia and France, have been phased-in progressively. We thus also
look at the second-best phased-in carbon price schedule designed to minimize105

costs while avoiding premature retirement.
We use a Ramsey model with two types of capital (as in Acemoglu et al.,

2012): polluting capital, which creates GHG emissions, and clean capital, which
does not. We disregard knowledge spillovers and we model the climate change
constraint as a GHG concentration ceiling. Investment is assumed irreversible,110

as in (Arrow and Kurz, 1970): existing polluting capital cannot be converted
back into consumption or transformed into clean capital. We however allow for
under-utilization of existing polluting capital, a feature that is generally omitted
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in multi-sector growth models. Under-utilization means that emission-reduction
effort can be divided between two qualitatively different channels: (i) long-term115

abatement through accumulation of clean capital instead of polluting capital
(e.g. agents buy electric cars instead of gasoline-fueled cars); and (ii) immediate
abatement through the underutilization or early decommissioning of polluting
capital (e.g. agents drive less or scrap their gasoline cars).

We find that all policy instruments lead to the same long-term growth path,120

in which most installed capital is clean and carbon concentration is maintained
at its maximum acceptable value. The optimal carbon price and the second-
best phased-in carbon price, feebates, and mandates however induce different
short-term pathways in terms of emissions and costs, and in particular different
levels and distribution of costs.125

Unsurprisingly, the carbon price minimizes the total discounted cost of the
climate change policy. Under a carbon price, investment is redirected towards
clean capital until polluting capital has depreciated to a level compatible with
the concentration ceiling. In addition, the carbon price creates stranded assets.
In particular, part of the existing polluting capital is under-utilized or retired130

prematurely if climate policies are stringent enough — that is, if the carbon price
is larger than the marginal productivity of polluting capital over its carbon
intensity. Such outcomes are part of the least-cost strategy, because under-
utilization or early-scrapping of polluting capital reduces carbon emissions from
excessive legacy polluting assets. But this strategy sets a disproportionate cost135

on the owners of polluting capital:1 premature retirement reduces their revenues
to zero while polluting capacities are under-used. Even if it does not cause
premature retirement, the carbon price creates stranded assets: it ties a new
cost to the utilization of existing polluting capital and thus decreases its net
value.140

In contrast, mandates, feebates, or standards on new investment do not tie
a new cost to the utilization of existing capital. These instruments thus avoid
stranded assets and their extreme form, the premature retirement of polluting
capital. The second-best phased-in carbon price designed to avoid early retire-
ment results in the same transition and same social costs, but it fails to avoid145

stranded assets: it may adjust at the level that cancels all revenues for the own-
ers of current capital — such that they are indifferent between renting out their
assets or scraping them.

Mandates, feebates, and phased-in carbon prices are less efficient that the
first-best carbon price. They create higher social costs: society keeps using150

obsolete polluting capacities until the end of their lifetime instead of scrapping
them — as if refusing to recognize that past accumulation of polluting capital
was a mistake. We track analytically the social cost resulting from past excessive
investment in dirty capacity (directly linked to the assumption that investment
is irreversible), and we call it legacy cost. With phased-in carbon prices, as with155

optimal carbon prices, those legacy costs fall directly on the owners of stranded

1By disproportionate we mean in relation to their proportion in the population.
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assets in the form of reduced rental rates. But feebates and mandates do not
create stranded assets. These instruments can even increase the relative value
of existing polluting capacity (and thus create windfall profits for their owners),
as they create a scarcity on the supply of polluting capacities without tying a160

cost to their utilization.
These results suggest that policy makers face a choice between (1) a higher

intertemporal welfare with the optimal carbon price; (2) less immediate costs
with a phased-in carbon prices; or (3) less immediate costs and no stranded
assets with feebates, mandates, or standards.165

Finally, another important difference between the optimal carbon price and
the other instruments is their mere efficacy. As they do not lead to decom-
missioning any polluting capital, second-best feebates, standards and phased-in
carbon prices reduce emissions slower than the optimal carbon price, and cannot
achieve too stringent GHG concentration targets — while the optimal carbon170

price could reduce emissions arbitrarily quickly. Empirical evidence suggests
that it could still be technically possible to reach the 2◦C target while avoind-
ing stranded assets. For instance, Davis et al. (2010) estimate that emissions
embedded in existing long-lived capital and infrastructure in 2010 committed us
to a warming of about 1.3◦C. However, findings by Rogelj et al. (2013), Johnson175

et al. (2015), and Iyer et al. (2015) suggest that the least-cost pathway toward a
2◦C-compliant economy does involve stranding assets. Governments willing to
limit global warming below 2◦C might still have a choice between first-best car-
bon prices and second-best feebates or standards, and this choice would imply
a trade-off between minimizing discounted costs and avoiding stranded assets.180

The remainder of the paper is structured as follows. Section 2 details our
contribution to specific branches of the literature. Section 3 presents the basic
model and considers the laissez-faire equilibrium. In section 4 we consider a
social planner who maximizes utility under a climate constraint, and show how
its strategy can be decentralized with a carbon price. In section 5, we consider185

a modified social planner program where premature retirement is to be avoided,
and we look at how second-best mandates, feebates, or a phased-in carbon price
can decentralize that constrained strategy. In section 6, we study the timing
issues and risks of lock-in when premature retirement is avoided. Section 7
concludes.190

2. Contribution to the Literature

This paper relates to several branches of the literature.
First, the literature on instrument choice for environmental policy has es-

tablished that the carbon price is the most efficient instrument (Pigou, 1932;
Goulder and Parry, 2008; Fischer and Newell, 2008). For instance, the exten-195

sive literature on CAFE standards concludes that they are less efficient than
a carbon tax, because they do not provide incentive to reduce emissions from
the existing fleet (Austin and Dinan, 2005), may even create a rebound effect,
worsening the effect of unaddressed externalities such as congestion or emission
of local pollutants (Anderson et al., 2011), slow down capital turnover, reducing200
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the speed at which the new, energy-efficient cars enter the fleet (Jacobsen and
van Benthem, 2015), and can hurt poorer households by increasing the price of
new and used cars (Jacobsen, 2013). All these important considerations are left
out of our model.

In terms of distributional impacts, many ex-ante studies focus on their in-205

cidence on household of different income categories (e.g., Rausch et al., 2010;
Fullerton et al., 2012; Coady et al., 2015; Borenstein and Davis, 2015) or different
generations (e.g., Karp and Rezai, 2012). Other papers explore how different
policies set costs on different sectors of the economy. One is Fullerton and
Heutel (2010), who find in a two-sector static model that the additional welfare210

cost of performance standards, compared to that generated by a carbon price,
is not supported by the dirty sector, but spread over the clean one—Giraudet
and Quirion (2008) had reached a similar conclusion in the case of policies that
promote energy efficiency. We expand this literature by comparing alternative
instruments in the dynamic context of the transition to clean capital, show-215

ing that the optimal carbon prices and a second-best phased-in carbon prices,
feebates, or standards lead not only to different distribution of costs between
sectors but also over time.

By modelling investment and production decisions separately, we also show
that feebates and standards are not entirely equivalent to a carbon tax plus a220

production subsidy — as previous research focused on efficiency impacts has
found (e.g., Fischer and Newell, 2008; Holland et al., 2009). Both options may
lead to the same social cost and result in the same investment and production
decisions, but their incidence are different. Feebates and standards operate
by influencing investment decisions and do not directly reduce income for the225

owners of existing polluting capital, while a carbon-tax-plus-subsidy scheme
operates by influencing production and does reduce the value of the existing
stock of polluting capital.

Further, Goulder et al. (2010) have studied how carbon markets can be
designed to compensate firms for stranded assets, and find that under a cap-230

and-trade system, the owners of polluting firms may be fully compensated if a
fraction of emissions allowances are grandfathered for free—making all permits
free is likely to result in substantial windfalls profits for the owners of polluting
capital (e.g., Sijm et al., 2006). Goulder and Schein (2013) note that the same
result can be obtained with carefully-designed exemptions under a carbon tax.2235

We expand this literature by comparing carbon prices with alternative instru-
ments: instead of offering compensation to the owners, standards and feebates
avoid stranded assets and premature retirement and all their potential impacts

2 It is well established that a potential advantage of carbon pricing schemes over regulations
— not captured in our model — is that the remaining revenues from carbon pricing can be used
to mitigate policy costs by reducing other distortive fiscal policies (Bovenberg and Goulder,
1996; Parry and Bento, 2000; Metcalf, 2014; Rausch and Reilly, 2015; Siegmeier et al., 2018).
Standards do not have this feature, but feebates may result in net fiscal benefits (or net fiscal
costs, or be revenue-neutral), and phased-in carbon prices do raise revenue.
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in the first place. The second-best phased-in carbon price can avoid premature
retirement, but not stranded assets, as it adjusts at the maximum level that re-240

duces revenues from polluting capital to zero, which makes little difference from
the point of view of their owners. (In principle, the government could still use
the revenues anticipated from the carbon phase-in, or grandfather the rights in
a phased-in market, to compensate the owners of polluting capital for stranded
assets.)245

Finally, our paper relates to the literature that studies the transition to a
clean economy through the lens of the directed technical change theory (e.g.
Gerlagh et al., 2009; Kalkuhl et al., 2012; André and Smulders, 2014). This
literature studies the policy mix to tackle both the climate change externality
and sector-specific knowledge accumulation and spillovers. One finding high-250

lighted by Kverndokk and Rosendahl (2007), Grimaud and Lafforgue (2008)
and Acemoglu et al. (2012) is that, in the short term, the least-cost policy relies
relatively more on research subsidies in the clean sector than on carbon prices.
The reason is that the most powerful lever to reduce GHG emissions is to encour-
age investment into a structural transformation of the economy over the long255

term, not to distort production decisions in the short term. Here we disregard
knowledge accumulation and focus instead on another feature of Schumpeterian
creative destruction: the retirement of capital prematurely made obsolete by the
accumulation of new generations of physical capital. Our findings suggest that
feebates and mandates can trigger structural change while avoiding immediate260

disruption of the old sector.

3. Decentralized model and laissez-faire equilibrium

3.1. Model

Capitalist household. A representative household aims at maximizing
its intertemporal utility:265 ∫ ∞

0

e−ρt · u(ct) dt (1)

where ρ > 0 is its pure rate of time preference, u is a classic isoelastic utility
function, and ct is consumption at time t.

The households owns physical capital of two sorts: clean capital kc,t and
polluting capital kp,t. It makes money by renting out a portion qc,t and qp,t
of available clean and polluting capacities kc,t and kp,t to producers at the270

respective rates Rp,t and Rc,t that they take as given. They use this revenue to
purchases goods for consumption ct or invest in capacities:

Rc,t · qc,t +Rp,t · qp,t = ct + ip,t + ic,t (2)

qp,t ≤ kp,t (3)

qc,t ≤ kc,t (4)

In the remainder of this paper, q will be called utilized capital and k installed
capital or capacity. The underutilization of polluting capacities can be optimal
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when facing a constraint on GHG emissions. For instance, all coal plants in the275

economy can be operated part-time, or some of them can be shut down, if the
utilization of the whole capital stock is conflicting with the climate objective.
Both cases are captured in aggregate with qp,t < kp,t. In this paper, it turns out
that underutilization of clean capital is never optimal, so we omit the difference
between qc,t and kc,t for short in the remainder of the paper.280

Investment ip,t and ic,t increase the stock of installed capital, which otherwise
depreciates exponentially at rate δ :

k̇p,t = ip,t − δ kp,t (5)

k̇c,t = ic,t − δ kc,t (6)

The doted variables represent temporal derivatives.
Investment is assumed to be irreversible:3

ip,t ≥ 0 (7)

ic,t ≥ 0 (8)

This means that for instance, a coal plant cannot be turned into a wind turbine,285

and only disappears through natural depreciation.
Arrow and Kurz (1970) study the consequence of irreversible investment in

a Ramsey model with one type of (clean) capital. They show that if the initial
stock of clean capital is higher than its long-term value, the solution to the
Ramsey problem with irreversible investment is to let clean capital depreciate290

until it has reached its long-term optimal level. Otherwise, the solution is the
same as in the classic Ramsey model (where the irreversibility of investment
is omitted): investment is set at the level where the value of capital and the
value of consumption coincide. In this paper, we assume that clean capital
is not initially over-abundant, and disregard for short the implications of the295

irreversibility of clean investment. We thus ignore (8) for the rest of the paper.
Producer. At time t, a representative producer produces one final good

yt, using polluting capital qp,t and clean capital kc,t.

yt = F (At, qp,t, kc,t) (9)

where At is the exogenous total factor productivity, assumed to increase expo-
nentially over time, and F is a constant-returns production function, assumed300

to satisfy the Inada conditions and be smooth enough.4

The producer rents the capital qp,t and kc,t from the household at the re-
spective rental rates Rp,t and Rc,t, taken as given. The producer maximizes the
following profit:

max
q

Π(qp,t, kc,t) = F (At, qp,t, kc,t)−Rc,t · kc,t −Rp,t · qp,t (10)

3 Following the wording by Arltesou (1999) and Wei (2003), capital is putty-clay.
4At can be understood as effective technologically-augmented labor (Barro and Sala-i-

Martin, 2003), since we omit labor in this paper.
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The environment. Polluting capital used at time t emits greenhouse gases
et:

et = G× qp,t
Where G is a strictly positive constant representing the carbon intensity of305

polluting capital. Our modelling of emissions and production is not perfect.
For instance, we leave capital retrofit, which would not only increase the stock
of clean capital but also reduce the stock or the carbon intensity of dirty capital,
for further research.

Nonetheless, our model captures parsimoniously the functioning of the most310

energy-intensive sectors of the economy, which are responsible for the bulk of
carbon emissions: power generation, transportation, and buildings (light and air
conditioning). In these sectors, greenhouse gas emissions depend to a significant
extent on the technology embedded in existing capital (for instance a given type
of coal power plant, light bulb, or car), and how much the capital is used (how315

many hours per year a light bulb is on, how much electricity is generated from
the plant, how many kilometres are travelled by the car). We also omit labour
in the production function, essentially assuming that substituting labour for
capital (e.g. drivers for taxis, operators for coal plants, or domestic workers for
light bulbs) is not a prominent option to reduce GHG emissions from existing320

capital.
GHG atmospheric concentration mt increases with emissions, and decreases

with a dissipation rate ε:

ṁt = G · qp,t − εmt (11)

The dissipation rate makes it possible to maintain a small stock of polluting
capital once the transition is over, which simplifies exposition, but the policy325

conclusions hold if we assume ε = 0.

3.2. Laissez-Faire Equilibrium

Household. To set up a useful baseline for the rest of the paper, this
section considers the laissez-faire equilibrium, when the household disregards
the environment. We also disregard momentarily the effects of the irreversibility330

constraint on polluting capital (7) — without a carbon ceiling, the two types
of capital do not have any practical difference and the analysis by Arrow and
Kurz (1970) can be generalized easily: the irreversibility constraint is binding
only if one type of capital is above its long-term path (which does not happen
in a simple growth framework), in that case the optimal solution would be to335

let capital depreciate until it reaches back its equilibrium value. We keep a
more detailed study of irreversibility constraint for the more interesting case of
overabundant polluting capital when an environmental policy is implemented
in the next section.

Here, the household’s problem is to maximize discounted welfare under bud-340

get and capacity constraints:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (12)
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subject to Rc,t · kc,t +Rp,t · qp,t = ct + ip,t + ic,t (λt)

k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

qp,t ≤ kp,t (βt)

where ρ is the rate of time preference. We indicated in parentheses the co-
state variables and Lagrangian multipliers (chosen such that they are positive):
among them, λt is the shadow value of income (used as numeraire), νt and
χt are the shadow value of new polluting and clean capital, and the Lagrange345

multiplier βt interprets as the shadow cost of the polluting capacity constraint.
The FOCs can be written as (Appendix A):

u′(ct) = λt = νt = χt (13)

Rc,t =
1

λt
[(δ + ρ)χt − χ̇t] (14)

Rp,t =
1

λt
[(δ + ρ)νt − ν̇t] =

βt
λt

(15)

Equation (15) combined with the complementary slackness condition,

βt ≥ 0 and βt · (kp,t − qp,t) = 0 (16)

implies that all polluting capital is rented out if the rental price for polluting
capital is positive Rp,t > 0. In the laissez-faire equilibrium, this is always the350

case because, with Inada-compliant production function, the producer is always
willing to pay a positive rent on polluting capital (see eq. 19 below).

Equation (13) implies that in the laissez-faire equilibrium, the household
chooses consumption and investment such that the value of polluting and clean
capital are equal, and are both equal to the value of consumption (the nu-355

meraire).
As explained by Jorgenson (1967), the relationship between the rental costs

(Rc,t, Rp,t) and the prices of new capital (χt, νt) captured by equations (14)
and (15) ensures agents would be indifferent between buying and renting cap-
ital, given the depreciation rate δ, the pure preference for present ρ, and the360

future price of capital (implied by χ̇t and ν̇t). Alternatively, integrating these
differential equations shows that the shadow values of capacities equal the net
present value of future rents received by a deprecating capacity, plus a salvage
value:

∀T > t, χt =

∫ T

t

e−(ρ+δ)(τ−t)λτRc,τdτ + e−(ρ+δ)TχT (17)

νt =

∫ T

t

e−(ρ+δ)(τ−t)λτRp,τdτ + e−(ρ+δ)T νT (18)

Producers. To maximize profits, producers simply need to observe the365

rental rates Rp,t, Rc,t and rent capital up to the point where marginal returns

10



equal the respective rental rates:

∂Π

∂qp
= 0 =⇒ ∂F

∂qp
(qp,t, kc,t) = Rp,t (19)

∂Π

∂kc
= 0 =⇒ ∂F

∂kc
(qp,t, kc,t) = Rc,t (20)

The markets for physical capacities clear if the household wants to rent out
the same quantity of capital as the producer wants to use. In that case, the
rental rates and the quantities that appear in the FOCs of the household and370

those that appear in the FOCs of the firm coincide. Combining the FOCs (13),
(14), (15), (19) and (20) one finds that:

Lemma 1. In the laissez-faire equilibrium, if the irreversibility constraint is
not binding, the rental rates of polluting and clean capital are equal, and the
marginal productivity of clean and polluting capital are also equal:375

Rc,t = Rp,t (21)

∂F

∂qp
(qp,t, kc,t) =

∂F

∂kc
(qp,t, kc,t) (22)

This familiar result translates the well-known equi-marginal principle.
This result is simple but provides a useful benchmark.5 In the following

sections, we compare the effects of irreversible investment, different social con-
straints and policy instruments to this benchmark.

4. Minimizing Inter-temporal Costs under a Ceiling Constraint380

In this section, we assume that the economy is on the laissez-faire equilibrium
as described in Lemma 1, and at a time t0 the social planner suddenly decides
to internalize an environmental target. This can be interpreted as an economy
that unexpectedly discovers an environmental externality and immediately in-
troduces a policy to internalize it, or a situation in which agents have failed to385

anticipate the introduction or the stringency of an environmental policy.
We consider the socially-optimal transition to a clean economy and how it

can be decentralized with a carbon tax.

4.1. The Social Planner’s Optimum

In this section, we assume a social planner is willing to maintain the atmo-390

spheric concentration of carbon mt below a given ceiling m̄ (à la Chakravorty
et al., 2006):

mt ≤ m̄ (23)

5 By ignoring the lower bound on investment, Lemma 1 is focusing on the singular solution
of the problem. The next sections discuss bang-singular solutions explicitly.
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Ceiling constraints are consistent with a cautious cost-effectiveness approach
(Manne and Richels, 1992; Ambrosi et al., 2003; Weitzman, 2012). The ceiling
can be interpreted as a tipping point beyond which the environment and output395

can be highly damaged, or as an exogenous policy objective such as 2◦C target
in the Paris Agreement, or any other temperature target designed to hedge
society against catastrophic climate change (IPCC, 2014).

The social planner directly choses consumption, investment, and production
to maximize inter-temporal utility given the constraints set by the economy400

budget, the capital motion law, investment irreversibility, capacity constraints,
and the GHG ceiling. The social planner program is:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (24)

subject to F (At, qp, kc)− ct − ip,t − ic,t = 0 (λt)

k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

ṁt = G qp,t − εmt (µt)

mt ≤ m̄ (φt)

ip,t ≥ 0 (ψt)

qp,t ≤ kp,t (βt)

where µt is the shadow price of carbon, expressed in terms of utility at time t, ψt
is the Lagrange multiplier associated with the irreversibility of investment, the
Lagrange multiplier βt interprets as the shadow cost of the polluting capacity405

constraint, and φt is the Lagrange multiplier associated with the carbon ceiling.
The Lagrangian associated to the constrained maximization of social welfare

can be found in Appendix B.1. The first-order conditions of the social planner’s
problem boil down to:

u′(ct) = λt = νt + ψt = χt (25)

∂F

∂kc
=

1

λt
((δ + ρ)χt − χ̇t) (26)

βt = ((δ + ρ)νt − ν̇t) (27)

∂F

∂qp
=
βt
λt

+ τt ·G (28)

Where τt is the social cost of carbon expressed in dollars per ton:410

τt :=
µt
λt

(29)

The complementary slackness conditions are:

∀t, ψt ≥ 0 and ψt · ip,t = 0 (30)

∀t, βt ≥ 0 and βt · (kp,t − qp,t) = 0 (31)
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∀t, φt ≥ 0 and φt · (m̄−mt) = 0 (32)

In the right hand side of equations (26) and (27) we recognize the values
of the rental rates of clean and polluting capital found in the previous section,
that we thus call the implicit rental cost of capital and denote Ric,t and Rip,t:

Ric,t :=
1

λt
[(δ + ρ)χt − χ̇t] (33)

Rip,t :=
1

λt
[(δ + ρ)νt − ν̇t] (34)

The system tends to a final stage which is reached, if ever, at a date that we415

denote tss. In the final stage, the carbon budget is binding (mt = m̄), implying
that atmospheric emissions are stable (ṁt = 0) and polluting capital is constant
at kp,t = m̄ ε/G.

Before the transition is over, a classical result (see for instance footnote 11
in Goulder and Mathai, 2000) is that the shadow carbon price grows at the420

interest rate rt plus the dissipation rate of GHG (Appendix B.2):

∀t, mt < m̄ =⇒ τ̇t = τt (rt + ε) (35)

where the endogenous interest rate rt is defined as the marginal return from
clean investments net from depreciation:

rt :=
∂F

∂kc
− δ (36)

These dynamics may be interpreted as a generalized Hotelling rule applied to
clean air: along the optimal pathway, and before the ceiling is reached, the425

discounted abatement costs are constant over time. The appropriate discount
rate is rt+ε, to take into account the natural decay of GHG in the atmosphere.6

In the laissez-faire equilibrium, capital was used up to the point where the
marginal productivity of polluting capital was equal to its rental rate. This is
no longer the case, since the social planner now accounts for the social cost of430

carbon when they use polluting capital. They must therefore reduce the amount
of polluting capital used for production, to increase its marginal productivity:

Lemma 2. Along the socially-optimal path, the marginal productivity of clean
capital equals the implicit rental rate of clean capital:

∂F

∂kc
= Ric,t (37)

The marginal productivity of polluting capital is equal to the rental rate of pol-435

luting capital plus the marginal cost of carbon emissions:

∂F

∂qp
= Rip,t + τt G (38)

6Rezai and Van der Ploeg (2016) use a more complex climate model and account for fossil
reserve depletion, risk aversion, and use a cost-benefit approach, and still find that the optimal
carbon price essentially grows exponentially over time before the transition is complete.
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Proof. Equation (37) derives from (26) and (33). Equation (38) is obtained
by substituting βt in (28), using (34). �

Another difference with the laissez-faire equilibrium is that the implicit
rental rate of polluting capital Rip,t now differs from that of clean capital Ric,t:440

Rip,t = Ric,t −
1

λt

(
(ρ+ δ)ψt − ψ̇t

)
(39)

where ψt is the Lagrange multiplier associated with the irreversibility constraint.
Defining the legacy cost `t as the “annualized” value of the shadow cost of the
irreversibility constraint ψt; similarly to how the implicit rental rate Rip,t relates
to the value of new polluting capacities νt:

`t :=
1

λt

(
(ρ+ δ)ψt − ψ̇t

)
(40)

we get:445

Rip,t = Ric,t − `t (41)

Starting from the laissez-faire equilibrium, with Rip,t = Ric,t, the fact that
investment is irreversible prevents the planner to adjust the stock of polluting
capital instantaneously when the climate objective is imposed. Polluting capital
therefore becomes relatively more abundant and the legacy cost imposes a gap
between the implicit rental rates of clean and dirty capacities. The legacy cost450

can be seen as a quantification of the regret that society has because of excessive
irreversible investment in polluting capital (e.g. having built a coal power plant
before the climate mitigation policy has been announced or before realizing the
dangers associated with climate change).

Another manifestation of the irreversibility of polluting investment is that455

the system can go through two types of phases during the transition to a clean
economy:

Lemma 3. The transition to clean capital can go through two types of phases:

1. Phases with some investment in polluting capital, during which there are
no legacy costs and the implicit rental rate of polluting capital is equal to
the implicit rental rate of clean capital and

ip,t > 0

`t = 0

Rip,t = Ric,t

2. Phases with no investment in polluting capital, during which legacy costs
are positive and the implicit rental price of polluting capital can be lower
than the rental rate of clean capital:

ip,t = 0

0 ≤ `t ≤ Ric,t
Rip,t ≤ Ric,t
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Proof. The complementary slackness condition 30 implies that if polluting in-
vestment is strictly positive, then investment is chosen at the level that equalizes460

the value of polluting and clean capital:

∃(t1, t2)|∀t ∈ [t1, t2], ip,t > 0 (42)

=⇒ ∀t ∈ [t1, t2] ψt = 0 (43)

=⇒ ∀t ∈ [t1, t2], νt = χt (44)

=⇒ ∀t ∈ [t1, t2], Rip,t = Ric,t (45)

On the other hand if ip,t = 0 then ψt > 0 is possible, and in general Rip,t ≤ Ric,t.
(Lemma 6 below exhibits cases when the inequality is strict Rip,t < Ric,t.) Since

Rip,t = βt/λt ≥ 0, `t = Ric,t −Rip,t ≤ Ric,t. �

As in many Ramsey formulation (e.g., equations 11 to 14 in Arrow and Kurz,465

1970), polluting investment enters linearly in the Hamiltonian (B.1). Thus, the
FOCs (25–28) do not give a direct rule to choose investment as a function of
other state variables at each time step. Lemma 3 shows that we are however
left with only two possibilities, which together form what is sometimes called
a bang-singular solution: phases when investment is null, which are sometimes470

called bang phases, and phases when investment is set indirectly by the value
of capital, which are sometimes called singular rays.7

The next lemma establishes that the transition from the laissez-faire equilib-
rium to a cleaner economy necessarily starts with a phase with no investment in
polluting capital; and finishes with a phase with some investment in polluting475

capital – such that the legacy cost are only temporary, because in the long term,
excess polluting capital has depreciated to a sustainable level.

Lemma 4. The transition necessarily starts with a phase featuring no polluting
investment, and ends with a phase featuring some polluting investment and equal
rental rates of clean and polluting capital.480

Proof. Appendix B.3. �

Polluting capital in our model behaves similarly to the capital in the Ramsey
model with irreversible investment studied by Arrow and Kurz (1970). A new
finding in our paper is that the irreversibility constraint on polluting capital al-
ways becomes binding when, from the laissez-faire equilibrium, an unanticipated485

constraint on GHG concentration is suddenly imposed.
Lemma 3 also means that in the social optimum, the maximum possible value

for the legacy cost `t is the marginal productivity of clean capital ∂F
∂kc

(= Ric,t):
at worst, the social planner regrets not to have invested in clean instead of

7Note that Lemma 3 was derived from a study of the Lagrange multiplier associated
with irreversibility constraint and the complementary slackness condition in the spirit of
Karush–Kuhn–Tucker’s nonlinear programming theory. Arrow and Kurz (1970) use another
technique, equivalent in this case, in the spirit of singular control theory.
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polluting capital before t0. In that case, the implicit rental rate of polluting490

capital falls down to zero, reflecting that polluting capital is over-abundant and
should be underused:

Lemma 5. Polluting capital is underutilized if and only the carbon price is
greater than the marginal productivity of installed polluting capital divided by its
carbon intensity,495

τt G >
∂F (kp,t, kc,t)

∂kp
=⇒


qp,t < kp,t

`t = Ric,t
Rip,t = 0
∂F (qp,t,kc,t)

∂qp
= τt G

(46)

qp,t = kp,t =⇒ τt G ≤
∂F (kp,t, kc,t)

∂kp
(47)

Proof. (38) implies that the implicit rental rate of polluting capital Rip,t is
the difference between the marginal productivity of polluting capital and social
cost of carbon. As the implicit rental rate of polluting capital Rip,t is equal to
the positive Lagrange multiplier associated to the capacity constraint βt ((27)
and (34)), and given the complementary slackness condition (31), it is easy to500

show that when the carbon price is greater than the marginal productivity of
installed polluting capital the implicit rental rate of polluting capital is nill and
capital is underutilized. Reciprocally, qp,t = kp,t =⇒ βt = Rip,t ≥ 0 =⇒
τt G ≤ ∂F (qp,t,kc,t)

∂qp
= τt G ≤ ∂F (kp,t,kc,t)

∂kp
�

Lemma 6 means that stopping to use some of the polluting capital that505

was constructed before the climate policy is enacted can be part of the optimal
strategy to reduce the cost of the transition to clean capital. Since in our
framework all polluting capital is in aggregate, this lemma can be interpreted
as an underutilization of the whole stock of polluting capital, or the premature
retirement of a fraction of the available capacities. (In practice capacities are510

not homogeneous, and the most polluting units of capital, for instance the oldest
coal power plants, could be decommissioned first). The next subsection shows
that the drop in the implicit rental rate of capital translates into stranded assets
for the owners of polluting capital when the social optimum is enforced with a
carbon price.515

Note that polluting capacities are not under-used during all of the transition,
and in particular:

Lemma 6. Polluting capacities are fully used during phases when there is in-
vestment in polluting capital

Proof. ip,t > 0 =⇒ Rip,t = Ric,t =⇒ βt > 0 =⇒ qp,t = kp,t �520

Underutilization of polluting capital can happen at the beginning of tran-
sition, depending on the GHG concentration ceiling m̄, on the initial stock of
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Figure 1: Under-utilization of polluting capital as a function of initial emissions and the
ceiling. Depending on initial emissions (given a kb,0, these depend directly on G) and on the
concentration ceiling (m̄), polluting capital is underutilized or not in numerical simulations of
the least-cost transition.

polluting capital kp,t0 and on other parameters of the model such as the func-
tional forms of F and u, on the depreciation rate δ and the preference for the
present ρ.525

This article is illustrated with simulations from a numerical implementation
of the social planer problems (Appendix E provides the code used to run the
model). We select simulations and figures to illustrate some insights from the
analytical resolution. Figure 1 illustrates how given a set of functions and pa-
rameters, the underutilization of polluting capital happens if initial endowment530

of polluting capital results in high initial emissions (right end of the x-axis)
and/or if the atmospheric carbon ceiling is stringent (lower part of the y-axis).
The figure was obtained solving the model numerically in various simulations,
varying G and m̄ while maintaining all the other parameters and functional
forms constants.535

We summarize the findings about the socially-optimal transition to clean
capital in the following proposition, illustrated by Figure 2:

Proposition 1. The optimal transition from the laissez-faire equilibrium to the
efficient final stage goes through phases of two kinds.

1. In the first type of phase, the irreversibility of investment translates into a540

gap between the rental rate of polluting and clean capital. As a result, no
investment goes to polluting capital during this phase. At worst, the im-
plicit rental rate of polluting capital can drop to zero, and existing polluting
capacities can be underused.

2. In the second type of phase, the rental rates of clean and polluting capital545

are equal and polluting capital is utilized in full.

The optimal transition necessarily starts with a phase with no investment in
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Figure 2: Installed polluting and clean capital, and utilized polluting capital in the least-
cost transition to clean capital Before t0, the economy is on the laissez-faire equilibrium,
during which the stock of clean capital is small but not null. At t0 the carbon price is
implemented, investment in polluting capital stops, and polluting capital depreciates until ti
(∀t ∈ (t0, ti), ip = 0). During this period, a portion of polluting capital may be underutilized
or retired prematurely (qp,t < kp,t). Here, the final stage is reached at tss.

polluting capital, potentially featuring premature retirement, and ends with a
phase with full utilization of polluting capacities.

Proof. Lemmas 4 and 6. �550

The concepts of premature retirement and legacy costs can also be used to
decompose the social cost of carbon. From equations (37), (38) and (41), we
get:

τt =

∂F
∂qp

(qp,t, kc,t)− ∂F
∂kc

(qp,t, kc,t) + `t

G

Resting and adding ∂F
∂qp

(kp,t, kc,t), yields:

=⇒ τt︸︷︷︸
Marginal abatement cost

=

∂F
∂qp

(qp,t, kc,t)− ∂F
∂qp

(kp,t, kc,t)

G︸ ︷︷ ︸
Premature-retirement cost

+

∂F
∂qp

(kp,t, kc,t)− ∂F
∂kc

(qp,t, kc,t)

G︸ ︷︷ ︸
Technical cost

(48)

+
`t
G︸︷︷︸

Legacy cost

The social cost of carbon τt decomposes as a cost of premature retirement555

(the difference between the marginal productivity of polluting capital were all
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capacities utilized and the marginal productivity of polluting capital given that
all polluting capacities are not utilized), a technical cost (for instance existing
renewable power plants are less economically efficient than existing coal power
plants if all coal plants were used), and the legacy cost.560

In this section, we thus have found that under irreversible investment, society
has to live with past mistakes for a while, once it realizes it has been on a non-
optimal growth path. In the next section, we show that a carbon price can
decentralize the social optimum, and that in that case legacy costs directly
impact the current owners of polluting capital, in the form of stranded assets.565

Then, we turn to a social planner program where premature retirement is to
be avoided, and show that who pays the legacy costs (and whether stranded
assets are avoided) in that case depends on what policy instruments are used
to decentralize that program.

4.2. Decentralization with a Carbon Tax570

Unsurprisingly, the social planner can trigger the same outcome as in the
social optimum in a decentralized economy by imposing a price on carbon emis-
sions. Starting from the decentralized model exposed in Section 3.1, the firm’s
flow of profit (10) is modified to:

Πt = F (At, qp,t, kc,t)−Rc,t · kc,t −Rp,t · qp,t − τt G qp,t (49)

Where τt is a carbon tax schedule numerically equal to the optimal shadow575

carbon price in the social planner’s program (35).
The FOCs for the producer become:

∂Π

∂kc
= 0 =⇒ Rc,t =

∂F

∂kc
(qp,t, kc,t) (50)

∂Π

∂qp
= 0 =⇒ Rp,t =

∂F

∂qp
(qp,t, kc,t)− τt G (51)

The problem for the household is essentially unchanged. First order con-
ditions for the household are the same as in the laissez-faire (13), (14), (15).
Combining them with the FOCs for the producer leads to the same set of equa-580

tions than the FOCs from the planner’s program in the previous section —
with the implicit rental costs of capital (Rip,t, R

i
c,t) replaced by the actual rental

costs of capital (Rp,t, Rc,t), and the social cost of carbon replaced by the actual
price of carbon. This means that the carbon price leads to the socially-optimal
investment and production decisions.585

Applied to the decentralized equilibrium, results from the previous section
mean that when the government implements a carbon price, the actual rental
rate of polluting capacities is affected by the legacy costs:

Rp,t = Rc,t − `t (52)

In that sense, the legacy costs `t are paid by the owners of stranded assets: an
unanticipated carbon price creates a sudden gap between revenues from clean590
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and dirty capacities. At worst, in case of premature retirement of polluting ca-
pacities, the rental rate of polluting capacities can be reduced to zero (lemma 6).

The socially-optimal carbon price may thus turn out to be politically dif-
ficult to implement, as it imposes immediate and concentrated costs on a few
players, the owners of polluting capital, who could organise and oppose the re-595

form (Olson, 1977; Trebilcock, 2014); while its benefits, avoided climate change,
are diffuse over all actors and over time, which tends to reduce mobilization to
defend the reform.

In the next section, we solve for a constrained equilibrium where premature
retirement is to be avoided for political reasons. This increases the total eco-600

nomic cost of the transition, but who pays that cost depends on which specific
instruments the government uses to enforce the second-best transition.

5. Avoiding Premature retirement and Stranded Assets

5.1. Social Planner Program

Here, we solve a new social planner program, identical to the first best605

optimum, but with the additional political constraint that polluting capital
should not be underused:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (53)

subject to F (At, qp, kc)− ct − ip,t − ic,t = 0 (λt)

k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

ṁt = G qp,t − εmt (µt)

mt ≤ m̄ (φt)

ip,t ≥ 0 (ψt)

qp,t ≤ kp,t (βt)

qp,t ≥ kp,t (αt)

In this problem, we have left two constraints for analytical purposes: the phys-
ical one, that capacity cannot be overused, and the political choice that under-
utilization should not occur. The latter is expressed as an inequality which is610

binding only when there would otherwise be premature retirement, rather than
an equality, also for analytical tractability.

First-order conditions are available at Appendix C. The following comple-
mentary slackness conditions play a key role:

∀t, βt ≥ 0 and βt · (kp,t − qp,t) = 0 (54)

∀t, αt ≥ 0 and αt · (kp,t − qp,t) = 0 (55)
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The system tends towards the same final stage as in the first-best case. During615

the transition to that final stage, the social cost of carbon still grows at the
interest rate net of carbon dissipation rate.

However, the no-underutilization constraint changes the relationship be-
tween the shadow cost of the capacity constraints and the value of new capacities
captured by (27) in the first-best equilibrium. The new relationship reads:620

βt − αt = ((δ + ρ)νt − ν̇t) (56)

So that defining the implicit rental rates of capital as before (33, 34) now yields
λtR

i
p,t = βt − αt. The implicit rental cost of polluting capital depends on both

the physical constraint that capacities cannot be overused and the political
constraint that they shall not be underused. The implicit rental cost of clean
capital is as in the first best. Equations (37) and (38) are unchanged: the625

marginal productivity of polluting capital is still the sum of the implicit rental
price of capital and the social cost of carbon, thus:

βt − αt
λt

=
∂F

∂qp
= Rip,t + τt ·G (57)

However, the implicit rental rate of polluting capital Rip,t can now be negative.
Since both βt and αt are positive by construction, and λt = u′(ct) > 0,

α = 0 =⇒ β

λt
=
∂F

∂qp
− τt ·G ≥ 0 =⇒ Rip,t ≥ 0 (58)

βt = 0 =⇒ α

λt
= τt ·G−

∂F

∂qp
≥ 0 =⇒ Rip,t ≤ 0 (59)

These equations reflect the following. At each point in time t, three cases630

captured by the complementary slackness conditions are possible, depending
on how much polluting capital the social planner would use in the absence of
political and physical constraints: (i) the planner would use exactly the amount
of polluting capital that is currently available; in this case we say that neither
constraint is binding ; (ii) the planner would use more polluting capital than635

what is currently available; in this case the physical constraint is binding; (iii)
the planner would use less polluting capital than what is currently available; in
this case the political constraint is binding.

In particular, if the capacity constraint is not binding, then βt = 0. This
implies that the social cost of carbon is higher than the marginal productivity640

of polluting capital expressed in dollars per ton, and that the constraint that
polluting assets shall not be underused is binding (αt ≥ 0). In that case, the
implicit rental rate of polluting capital is negative. The next subsections show
that depending on what policy instruments the government uses to enforce
the constrained transition, α may or may not materialize as a subsidy to the645

utilization of polluting capital.
On the other hand, when the political no-underutilization constraint is not

binding, then αt = 0 and, as expected, the implicit rental rate of polluting
capital behaves as in the first-best equilibrium (β = Rip,t > 0).
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Identically to what happens in the first-best pathway, the marginal produc-650

tivities are differentiated by legacy costs and a term proportional to the social
cost of carbon:

∂F

∂qp
=
∂F

∂kc
− `t + τt G (60)

where legacy costs `t are defined as previously (40), yielding Rip,t = Ric,t − `t.
In the constrained transition, decomposing the social cost of carbon τt as before
((48)) now yields:655

=⇒ τt︸︷︷︸
Marginal abatement cost

=

∂F
∂qp

(kp,t)− ∂F
∂kc

G︸ ︷︷ ︸
Technical cost

+
`t
G︸︷︷︸

Legacy cost

(61)

The cost of premature retirement is now zero by construction. (But of course,
that does not lead to a lower abatement cost). On the other hand, the legacy cost
is no longer bounded by Ric,t as in lemma 4, because Rip,t can now be negative.
In particular, equation (60) shows that at the beginning of the transition, the
legacy cost equals the carbon price.660

With the first-best carbon price, the maximum regret linked to excess past
installation of polluting capital was the opportunity cost of not having invested
in clean capital. Here, preventing underutilization is like refusing to recognize
that past accumulation of polluting capital was a mistake. When society keeps
using obsolete polluting capital instead of early-scrapping it, the legacy cost can665

be as high as the cost of the carbon emissions generated by the polluting capital,
which is higher than in the first-best transition. Refusing to strand assets thus
increases regret from past investment in those assets, as their utilization make
the climate target more difficult to achieve. The next subsections show that
who pays the legacy costs depends on policy design.670

As in the first-best case, the constrained transition starts with a phase with
no investment in polluting capacity. During this phase, since growth happens
from clean capital accumulation, a gap between the productivity of clean and
polluting capital can appear, and grow over time ∂F

∂qp
> ∂F

∂kc
, giving space for

legacy costs to decrease over time (60). Before the carbon budget is depleted,675

there may also be phases where investment in polluting capital is strictly positive
(capacity variation net of depreciation can remain negative during those phases).
Finally, the system reaches the same final stage as previously.

Since capacities are not underused, short-term output may be higher in the
constrained transition than in the first-best strategy. Figure 3 illustrates this680

result. Analytically, the effect on consumption is ambiguous because it involves
the offsetting impacts from an income effect (short-term output is higher) and
two substitution effect (investment in clean capital is cheaper, which tends to
decrease short-term investment and thus increase consumption, and investment
in polluting capital is more expensive, which tends to increase short-term con-685

sumption).
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Figure 3: Output in the two simulations. The figure shows output y in the first-best and
the constrained transitions. In the short run, output is lower in the first-best case because of
premature retirement of polluting capacities. On the particular example in the right, short-
term consumption c is higher in the second-best case because of a higher output y. tss,1
and tss,2 are the dates when the final stage is reached in the first best and second best
transitions respectively. In the figure the final stage is reached sooner in the second-best case
(tss,2 < tss,1).

Figure 4 compares the shadow cost of carbon in an optimal and a constrained
transition using the same calibration (Appendix E). Avoiding premature retire-
ment generates a higher social cost of carbon than the first-best carbon price.
However the dynamics of capital accumulation mean that the social cost of car-690

bon at each point in time does not translate into immediate consumption losses
at the same point in time (Vogt-Schilb et al., 2018). In this case, while the
constrained transition sets a higher shadow cost of carbon at each time t (fig-
ure 4), they lead to higher output and possibly consumption over the short-run
(figure 3).695

Results from this section are summarized in the following proposition:

Proposition 2. The constrained transition leads to the same final stage as the
optimal transition, the constrained pathway thus differs only temporarily from
the first-best pathway.

The constrained transition imposes a higher shadow cost of carbon, and ini-700

tially higher legacy costs than the optimal transition.
Compared to the optimal transition, the constrained transition smooths social

costs: it decreases effort in the short-run, leaves them unchanged in the long-
run (as the final stage remains unchanged), and thus increases effort in the
medium-run.705

In the following section, we show that feebates, mandates, and phased-in
carbon prices can all decentralize the constrained transition. But feebates and
mandates protect revenues for the owners of existing polluting capital, while the
second-best phased-in carbon price does not.
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Figure 4: Social cost of carbon in the two simulations. The shadow price of emissions τ is
higher in the constrained transition. The dates tss,1 and tss,2 denote the moment when the
first best transition and the second best transition, respectively, reach the final stage.

5.2. Decentralization of the Second-best Equilibrium Combining a Carbon Price710

and a Subsidy on Polluting Production, or a Phased-in Carbon Price

One way to decentralize the constrained optimum is to simply translate the
social cost of carbon τ and the shadow subsidy against premature retirement α
into an actual carbon tax and an actual subsidy on polluting production.

In that case, the program of the producer (10) becomes:715

max
q
πt = F (At, qp,t, kc,t)−Rc,tkc,t − (Rp,t + τtG− αt)qp,t (62)

This leads to the FOCs for the producer:

Rc,t =
∂F

∂kc
(63)

Rp,t =
∂F

∂qp
− τtG+ αt (64)

And the household problem is essentially unchanged.
If the government sets the value of the carbon tax schedule and the subsidy

equal to the optimum values of the respective Lagrange multipliers from the
previous section, the set of FOCs is identical to the one from the constrained720

transition, where implicit rental rates have been replaced by actual rental rates,
the social cost of carbon is replaced by the carbon price, and the shadow value
of the no-underutilization constraint is replaced by a subsidy on dirty capital
usage, leading to the same transition to a clean economy.

Since the FOCs of the producer only depend on τtG and αt via (τtG− αt),725

the government can also decentralize the constrained transition using a single
instrument: the phased-in tax scheduled τ̃t = τtG − αt. At the beginning of
the transition, αt > 0 reduces the phased-in carbon price below its first-best
schedule. Note that the phased-in carbon price increases over time for two
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reasons: first, efficiency conditions mean that the carbon price should increase,730

basically at the interest rate, as long as the transition to a clean economy is not
complete (35). And second, to avoid premature retirement, the actual carbon
price would start at a lower-than-efficient value, and catch-up with the optimal
value to give gents time to adjust to the new prices.

Premature retirement can thus be avoided using a phased-in carbon price,735

or, equivalently, the combination of a carbon price and a subsidy for production
from polluting capacity. Both instruments achieve this by imposing an effective
price of carbon, (τt − αt/G), which is lower than the social cost of carbon τt.

It does not follow, however, that these instruments are harmless for the
owners of polluting capacities. Indeed, the previous subsection shows that the740

highest possible value for the second-best subsidy αt is τtG − ∂F
∂qp

. But in

that case, the subsidy covers exactly the gap between marginal productivity of
polluting capital and the carbon price, implying that market price for renting
polluting capacities is still zero Rp,t = 0 during this phase (64). Even if it
avoids early retirement, the second-best phased-in carbon price does not avoid745

stranded assets.
This results nuances the claim by Williams (2012) that phasing-in a carbon

price is a way of dealing with distributional impacts of climate policies. Our
model suggests that while a phased-in carbon tax can avoid premature retire-
ment and an economy-wide drop in production when it is announced, it is set at750

the level where owners of polluting capacity are indifferent between renting out
their capacities or scrapping them. Therefore, the second-best phased-in car-
bon price does not automatically protect the revenues of the owners of polluting
capacities, that is it can create stranded assets.

To protect the revenues from polluting capital, the government could use755

an even more gradual carbon price, but that would necessarily result in higher
social costs than using the second-best schedule designed to minimize costs while
avoiding premature retirement. (The government could also offset the losses of
the owners of polluting capital with ex-post lump-sum transfers.) In contrast,
the next section shows that if government use instruments that regulate new760

investment decisions instead of production decisions, such as feebate programs
or standards on new equipment, then the same transition to a clean economy
can be enforced while protecting ex-ante the revenues of the owners of polluting
capital.

We summarize the findings of this section in the following lemma:765

Proposition 3. A phased-in carbon tax is equivalent to a carbon tax comple-
mented with a temporary subsidy on polluting capacity. Both instruments allow
decentralization of the second-best transition to clean capital where premature
retirement is to be avoided. Both instruments can lead to stranded assets, how-
ever, and at worst the revenues from existing polluting capital can drop down to770

zero.
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5.3. Decentralization with Feebate or Mandates on New Investment

Current climate mitigation policies are not limited to carbon prices; many
governments rely instead on instruments such as energy efficiency standards,
direct public investment in “green” sectors such as public transport, and fiscal775

incentives for green investment such as feebates, which impose additional fees on
polluting capital and rebates for clean capital (IEA, 2016). These instruments
redirect investment towards clean capital but have no effect on the use of existing
capital.

Mandates. One way to regulate investment is by imposing a moratorium780

on polluting investment and mandating investment in clean capacity. We call
these instruments mandates on new investment.

Mandates may seem extreme in our model, but similar instruments are ac-
tually used by policy-makers and discussed in the field of climate policy. For
instance, many jurisdictions have effectively banned incandescent light bulbs785

or personal vehicles with very low energy efficiency (IEA, 2016). Other juris-
dictions have banned nuclear power plants. Bertram et al. (2015) and Pfeiffer
et al. (2016) propose to ban the construction of new standard coal and gas power
plants, and to mandate new power plants to be renewable power, nuclear, or
fossil fuel plants equipped with carbon capture and storage.790

Note that while our model only represents “clean” and “dirty” capital, the
actual implementation of mandates is not necessarily a pure command-and-
control policy, because several types of clean capital may be available to comply
(Azar and Sandén, 2011). For instance, a renewable electricity mandate still lets
the market chose amongst a range of wind or solar power technologies. Some795

standards work similarly to mandates: for instance minimum energy efficiency
on lighting can in effect ban incandescent light bulbs and mandate LEDs instead.

With mandates, the household problem in our model becomes:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (65)

subject to Rc,t · kc,t +Rp,t · qp,t = ct + ip,t + ic,t (λt)

k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

ip,t ≥ 0 (ψt)

qp,t ≤ kp,t (βt)

ip,t ≤ sp,t (σp,t)

ic,t ≥ sc,t (σc,t)

The mandates sp,t, sc,t can be set to equal polluting investments found in
section 5.1. In this model, sp,t = 0 until polluting capacities have depreciated800

to a level compatible with the carbon ceiling.
Notice that two instruments may be needed here: a moratorium on pol-

luting investment alone imposes a shadow price on investment, and can thus
result in the household consuming too much and saving too little, compared
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to the second-best constrained transition. The mandate on clean investment805

compensates that. (In the Appendix C.2 we show that performance standards
formulated on averages, such as the CAFE standards in the US, in contrast,
cannot always decentralize the second-best transition).

With mandates, the firms problem is the same as in the laissez-faire, now
implying that firms are always willing to pay a strictly positive rent for both810

clean and dirty capacities: equations (19) and (20) hold.
In particular, the comparison between rental rates for clean and dirty capital

does not involve the legacy cost any more. The rental rate on polluting capital
therefore does not drop when the policy is implemented, and remains strictly
positive during the transition. Strictly positive rental rates also imply that with815

mandates on new investment, the household always rents out all the available
capital: there is no premature retirement.

In fact, revenues from polluting capacities may be boosted by these instru-
ments. Consider how the gap between clean and polluting capital evolves over
time:820

Ṙp,t − Ṙc,t = (k̇c,t − q̇p,t)
∂2F

∂kc∂qp
− q̇p,t

∂2F

∂qp2
+ k̇c,t

∂2F

∂kc
2 (66)

A sufficient condition for the above to be a sum of positive terms is that the
stock of dirty capital decreases over time (q̇p,t < 0) and the stock of clean capital

increases over time (k̇c,t > 0). By limiting the supply of new dirty capacities
(but not tying a cost to the usage of those capacities, like a carbon tax would)
and boosting the supply of new clean capacities, the government is creating825

windfall profits and favouring the vested interests that already own polluting
capacities.

Since mandates constrain investment decisions and thus capital stocks, since
the household rents out all of those stocks, and since consumption equals total
production net of investment, we have shown that:830

Lemma 7. In our model, well-designed mandates can decentralize the con-
strained transition while avoiding stranded assets.

Feebate. Unsurprisingly, the same transition can be obtained using price
instruments, for instance a so-called feebate program. A feebate is the combi-
nation of a subsidy (or rebate) θc,t on investment in clean capacity and a tax835

(or fee) θp,t on investment in polluting capacity.8

With feebates, the household problem becomes:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (67)

subject to Bt +Rc,t · kc,t +Rp,t · qp,t − ct − ip,t(1 + θp,t)− ic,t(1− θc,t) = 0 (λt)

8 Our model does not capture all important factors in the choice between mandates and
feebates. For instance mandates fail to impose the same marginal abatement cost to hetero-
geneous producers and therefore cannot be efficient (e.g., Anderson et al., 2011).
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k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

ip,t ≥ 0 (ψt)

qp,t ≤ kp,t (βt)

Where Bt is the net budgetary impact of the feebate scheme, taken as exogenous
by the representative household. As before, the scheme is not necessarily rev-
enue neutral, and we assume that the net revenue (net cost) from the scheme840

is recycled (financed with taxes) in a lump-sum way that has no impact on
production, investment and consumption decisions at the margin.

To decentralize the constrained social optimum, the government simply
needs to set the feebate (θp,t, θc,t) such that the values of clean and polluting
investment are the same as in the case of mandates (Appendix C.1).845

Moreover, the firms problem remains unchanged. With a feebate, rents are
positive, and there are no stranded assets; the rental rate of polluting capacities
does not drop when the policy is implemented, and can even increase relative
to the rental rate of clean capacities:

Proposition 4. The constrained transition to clean capital where premature850

retirement is to be avoided can be decentralized with mandates on new invest-
ment, or with feebates on new investment. Such second-best instruments do not
directly produce stranded assets.

Proof. Appendix C.1 provides more details.

In summary, section 5 has shown that at least four different policy instru-855

ments can decentralize the constrained transition where early retirement of pol-
luting capital is to be avoided: i) a carbon price and a subsidy on polluting
production, ii) a phased-in carbon price, iii) mandates on new clean and pollut-
ing investments, and iv) a tax/subsidy scheme - a feebate - on new investments
in polluting and clean capital. All these instruments can be designed so they860

lead to the same set of consumption, production and investment decisions. They
thus lead to the same social cost, and the social planner of our model is indif-
ferent between them.

Different instruments however affect the producer and the investor-consumer
of our model differently. The phased-in carbon price and the combination of865

a carbon tax with a subsidy (options i and ii) both decrease the rental rate of
polluting capital, possibly making it drop to zero. In contrast, the mandates
(option iii) and feebates (option iv) always lead to strictly positive rents for the
owners of polluting capital – and can even increase the rent of polluting capital
relative to clean capital.870

These four second-best instruments can decentralize the constrained transi-
tion at the same total cost, but not necessarily with the same distribution of
this cost.9 With net fiscal revenues from tax instruments given back lump-sum

9As mentioned in footnote 2, the fiscal impact of different policy instruments, while im-
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to the consumer-investor, any instrument choice that results in extra costs for
the producer in our model is an extra gain for the consumer-investor. In our875

model, the producer prefers feebates and mandates (that have a direct impact
on investment decisions) over the phased in carbon tax (that has a direct impact
on production decisions). The consumer-investor has the opposite preference.

A more sophisticated ranking of those instruments is not in the scope of
this paper based on a simple analytical model. Nonetheless, our results provide880

insights on the possible social acceptability of different instruments, in particular
on the fact that some instruments directly lead to stranded assets, while others
do not.

Results exposed in this section also extend previous research (e.g., Fischer
and Newell, 2008; Holland et al., 2009) that uses static models and finds that885

performance standards and feebate schemes act as the combination of a carbon
tax and a production subsidy. With our dynamic model, we have clarified that
while this shadow subsidy protects production and revenues from pre-existing
polluting capital, it does not provide incentive to invest in additional polluting
capital. The effect of the shadow subsidy is thus only temporary since once the890

level of polluting capital has decreased to a sustainable path, all instruments are
equivalent to a simple carbon tax. And, perhaps more surprisingly, the incidence
of a carbon price plus a temporary subsidy on polluting production differs from
the incidence of mandates or feebates on investment decisions (Since this result
required to model separately investors and producers, it was not found in the895

above-mentioned papers.)

6. Committed Emissions, Instrument Choice, and Carbon Lock-in

Since they maintain a full utilization of polluting capital in the short term,
mandates, feebates, and the second-best phased-in carbon price result in higher
short-term emissions than the carbon tax (figure 5). These instruments may900

thus not be sufficient to reach stringent climate objectives if past accumulation
of polluting capital is substantial.

Figure 6 offers a visualization of this issue. At low polluting capital stocks
(thus low emissions), a carbon tax does not lead to underutilization of polluting
capital. In this case, the first-best carbon price leads to the exact same pathway905

as second-best mandates or feebates (and the phased-in carbon price is simply
equal to the optimal carbon price). This is a situation of flexibility in which a
government can enforce the optimal transition to clean capital using any of the
instruments discussed in this paper.

But as long as climate policies are absent or too lax, the economy accumu-910

lates polluting capital, making GHG emissions grow and reducing the remaining
carbon budget for a given climate target (the laissez-faire growth arrow).

At one point, the threshold when the marginal productivity of polluting
capital is lower than the optimal carbon price is crossed (lemma 6), meaning

portant in actuality, is out of scope of this paper.
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Figure 5: GHG emissions in the two cases. The first-best carbon prices induces decommission
of polluting capital and can thus reduce carbon emissions faster than second-best alternative
instruments.

Figure 6: Under-utilization of polluting capital and feasibility of the climate target avoiding
premature retirement assets as a function of initial emissions.
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that polluting capital should be underutilized and output reduced along the915

optimal pathway. From there, a carbon price may become even more difficult to
implement because of political-economy constraints. But the alternative option
of using feebates, mandates or phase-in is still available to reach the same carbon
budget without immediate drop in income.

There is thus a window of opportunity, during which alternative policy in-920

struments may induce a smooth and maybe politically-easier transition to a
low-carbon economy. If this occasion is missed (bottom and right hand side,
figure 6), it becomes impossible to reach the climate target without underuti-
lization of polluting capital and the alternative instruments are not an option
anymore (if the climate objective is not revised). In this last area, not only the925

economic cost of reaching the climate target is higher, but the political economy
also creates a carbon lock-in: the only option to reach the climate target involves
stranded assets and thus has a significant short-term cost, perhaps making it
more difficult to implement successfully a climate policy consistent with the
target.930

The zone in which polluting capital must be underutilized to remain below
the ceiling depends on the capital depreciation rate δ, the GHG dissipation rate
ε, initial GHG concentration m0 and initial polluting capital k0. The lower blue
line in figure 6 is expressed analytically in Appendix D and can be approximated
by:

m̄ = m0 +
G kp,0
δ

According to Davis et al. (2010), the level of existing polluting infrastructure
in 2010 was still low enough to achieve the 2◦C target without underutilizing
polluting capital. They find that if existing energy infrastructure was used for
its normal life span and no new polluting devices were built, future warming
would be less than about 1.3◦C. While they do not discuss whether the least-cost935

policy would lead to underutilization — that is, whether we are in the top or
the middle triangle in figure 6 — several studies based on integrated assessment
models investigate this question. Rogelj et al. (2013) and Johnson et al. (2015)
both find that, in most 2◦C scenarios coal power plants are decommissioned
before the end of their lifetime, suggesting that the global economy is in the940

middle zone in figure 6.
In other words, empirical evidence from a few years ago suggests the opti-

mal pathway to a stabilization of the climate at 2◦C involves decommissioning
existing capital, but that we could still be able to get there by only reducing
the carbon content of new capital — in a recent numerical simulation, Bertram945

et al. (2015) find that a mix between low carbon prices and technology mandates
(in particular a moratorium on coal power plants and a minimum requirement
for clean power investment) could indeed deliver the 2◦C while substantially
limiting premature retirement. For some higher temperature target, feebates
or mandates and carbon prices are equivalent; while lower temperature targets,950

such as a 1.5◦C target, may now be out of reach if stranded assets are to be
avoided — taking into account that since the study by Davis et al. (2010), in-
vestment in polluting capital has kept growing and has added to committed
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GHG emissions (Davis and Socolow, 2014; Pfeiffer et al., 2018).

7. Conclusion955

The present analysis should be interpreted cautiously, as we only explored a
few aspects of the transition to clean capital. In particular, our model ignores
uncertainty, limited foresight from investors, and limited ability to commit from
governments, which can all have important consequences on the comparison be-
tween carbon prices, phased-in carbon prices, mandates, feebates and standards960

regulating present-day investment. One possibility for further research is to in-
tegrate and quantify the effect of these elements in a single framework.

Despite these limitations, our results highlight that policy makers face a
trade-off between a higher intertemporal efficiency with the optimal carbon
price and fewer stranded assets (and perhaps less political costs) with second-965

best instruments, such as carefully-designed mandates or efficiency standards for
new power plants, buildings and appliances, moratoriums on the most carbon-
intensive types of capital, feebate programs that tax energy-inefficient equipment
and subsidize energy-efficient equipment, subsidized loans and tax breaks for
energy efficiency investment, or to a lesser extent a phased-in carbon price.970

All these instruments are similar in that they redirect private investment
away from polluting capital and toward clean capital without providing incen-
tive to drive less or shut down existing coal power plants, preserving revenues
from existing polluting capital, and without producing premature retirement of
polluting capital. And as they transform progressively the production system,975

these instruments might prepare the economy and the public to easier imple-
mentation of carbon prices in the medium term.

Finally, our results are theoretical findings. They show that in principle
government could use alternative instruments to avoid stranded assets and pre-
mature retirement in the transition to clean capital. Further research could980

assess numerically the trade-offs between avoiding private stranded assets and
minimizing social costs in any specific market.

To conclude, the analysis carried here may also be relevant for studying
other public economy issues. In essence, we propose a parsimonious model able
to analyse structural change triggered by policy changes, its impact on vested985

interests, and policies to manage the transition. Similar models could be used to
study policy reform in other topics, such as deregulation of prices in developing
markets, trade liberalization, or the advent of robots in labour-intensive sectors.
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Appendix A. Laissez-faire equilibrium (Section 3.2)

The present value Lagrangian associated to maximization of the household’s
utility under the capacity constraint and the capital motion law (12) is:

Lt = e−ρt · {u(ct) + λt[Rc,t · kc,t +Rp,t · qp,t − ct − ip,t − ic,t] + νt[ip,t − δkp,t]
+χt[ic,t − δkc,t] + βt[kp,t − qp,t]}

First order conditions read:

∂Lt
∂ct

= 0⇒ u′(ct) = λt (A.1)

∂Lt
∂ip,t

= 0⇒ λt = νt

∂Lt
∂ic,t

= 0⇒ λt = χt

∂Lt
∂kp,t

= −d(e−ρtνt)

dt
⇒ −νtδ + βt = −ν̇t + ρνt

∂Lt
∂kc,t

= −d(e−ρtχt)

dt
⇒λtRc,t − χtδ = −χ̇t + ρχt

∂Lt
∂qp,t

= 0⇒ λtRp,t = βt

If we differentiate (A.1) with respect to time and substitute λt and λ̇t, we get1195

the familiar Ramsey formula that links consumption decisions to the interest
rate:

ct · u′′(ct)
u′(ct)

· ċt
ct

= (ρ+ δ −Rc,t) (A.2)

At each time step, firms rent out all available capacities at their marginal pro-
ductivity, the household observes the rental rate Rc,t and its current consump-
tion ct, and chose the next step consumption level (through ċt) using the Ramsey1200

formula. This leaves one degree of freedom to the system, the choice of c0, which
is resolved by the transversality condition:

limt→∞e
−ρtu′(ct)(kp,t + kc,t) = 0 (A.3)

In the laissez-equilibrium, there is no practical difference between kp,t and kc,t,
and this condition interprets similarly to the transversality condition in the
textbook Ramsey model. It can be shown, following for instance Barro and1205

Sala-i-Martin (2003, p. 99), that if the utility function writes u(c) = c(1−θ)−1
1−θ ,

and the technological progress follows an exponential trend At = ext; then the
transversality condition is equivalent to

ρ > (1− θ)x (A.4)

This condition ensures that the problem of the household (1) has a solution.
Barro and Sala-i-Martin (2003) show that during the final stage, the transver-1210

sality condition is equivalent to Rc,t− δ > x. It ensures that the real returns on
capital are greater than exogenous technological progress.
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Appendix B. Social optimum (section 4.1)

Appendix B.1. Efficiency conditions

The present-value Lagrangian associated to the constrained maximization of1215

social welfare (24) is:

Lt = e−ρt ·
{
u(ct) + λt[F (At, qp, kc)− ct − ip,t − ic,t] + νt[ip,t − δkp,t]

+χt[ic,t − δkc,t]− µt · [G qp,t − εmt] + φt · [m̄−mt]

+ ψt · ip,t + βt[kp,t − qp,t]
}

(B.1)

All co-state variables and Lagrange multipliers are positive.
The full set of necessary first order conditions reads:

∂Lt
∂ct

= 0⇒ u′(ct) = λt (B.2)

∂Lt
∂ip,t

= 0⇒ λt = νt + ψt (B.3)

∂Lt
∂ic,t

= 0⇒ λt = χt (B.4)

∂Lt
∂kp,t

= −d(e−ρtνt)

dt
⇒ −νtδ + βt = −ν̇t + ρνt

∂Lt
∂kc,t

= −d(e−ρtχt)

dt
⇒ λt

∂F (At, kp,t, kc,t)

∂kc
− χtδ = −χ̇t + ρχt

∂Lt
∂qp,t

= 0⇒ λt
∂F (At, qp,t, kc,t)

∂qp
− µt ·G = βt

∂Lt
∂mt

=
d(e−ρtµt)

dt
⇒ −φt + εµt = µ̇t − ρµt (B.5)

Appendix B.2. Social cost of carbon

Eq. B.5 gives the evolution of µt. Using µ̇t = (λ̇tτt+λtτ̇t) from the definition
of τt (29), (B.2), (A.2) and (36) yields:1220

τ̇t = τt[ε+ rt]−
φt
λt

We assume that GHG concentration reaches the ceiling at a date denoted tss:

∀t ≥ tss, mt = m̄

During the final stage, ṁt = 0 =⇒ G qp,t = ε m̄ (11).
Before tss, φt = 0 (32). The carbon price grows at the endogenous interest

rate plus the dissipation rate of GHG before the ceiling is reached:

τ̇t = τt[ε+ rt] (B.6)
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Equation B.6 gives τt off by a multiplicative constant τ0, which the social1225

planer choses at the lowest value that ensures compliance with the GHG ceiling.
Given that in the long term qp,t = ε m̄, the transversality condition (A.3)

is equivalent to limt→∞e
−ρtu′(ct)(kc,t) = 0. That is, it is exactly the same

transversality condition as in a textbook Ramsey model (with one type of non-
polluting capital). As in the laissez-faire equilibrium, the transversality condi-1230

tion can be shown to require that the pure time preference of the household is
large relative to the product of the absolute elasticity of the utility function and
the exogenous technical progress parameter as described in (A.4).

Appendix B.3. Proof of lemma 4

The irreversibility constraint is binding in the short run. A1235

binding GHG ceiling is imposed at t0. Before that, the economy was in the
competitive equilibrium, such that clean and polluting capital have the same
marginal productivity, receive the same rental rates, and installed capital is fully
used (lemma 1):

lim
t→t−0

qp,t = kp,t0 (B.7)

lim
t→t−0

∂F

∂qp
(kp,t, kc,t) =

∂F

∂kc
(kp,t0 , kc,t0) (B.8)

We use a proof by contradiction to show that at t+0 (when the constraint is in-1240

ternalized) the irreversibility condition is necessarily binding. Suppose that the
transition starts with a phase when the irreversibility constraint is not binding,
i.e. ψt = 0. In that case, the value of clean and polluting capital are equal
(B.3, B.4 =⇒ νt = χt), implying that the rental rate of polluting capacity is
positive, βt > 0, which in turns means that all polluting capital is used (31):1245

qp,t = kp,t. In that case, Lemma 2 would lead to:

lim
t→t+0

∂F

∂qp
(kp,t, kc,t) =

∂F

∂kc
(kp,t, kc,t) + τt0 ·G (B.9)

If the GHG ceiling is binding then τt0 > 0 ((B.6)). But since ∂F
∂qp

is a continu-

ous function of kp,t and kc,t, and kp,t is continuous over time, ∂F
∂qp

(kp,t, kc,t) is

continuous over time, thus

lim
t→t+0

∂F

∂qp
(kp,t, kc,t) = lim

t→t−0

∂F

∂qp
(kp,t, kc,t) (B.10)

Equations B.9, B.6, and B.10 lead to a contradiction. Therefore the initial1250

assumption is false: initially the irreversibility constraint has to be binding. �
The irreversibility constraint is not binding in the long run.

During the final stage, polluting capital is maintained at the maximum level
compatible with stabilized GHG concentration, kp,t = m̄ ε/G, which implies
that ip,t = δm̄ ε/G > 0, from which it follows that ψt = 0 and thus `t = 0 (40).1255
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Appendix C. Maximization of social welfare with full utilization con-
straint

Here, we solve a new social planner program, identical to the first best
optimum, but with the additional political constraint that polluting capital
should not be underused (53).1260

The present value Lagrangian reads:

Lt = e−ρt · {u(ct) + λt[F (At, qp, kc)− ct − ip,t − ic,t] + νt[ip,t − δkp,t]
+χt[ic,t − δkc,t]− µt · [G qp,t − εmt] + φt · [m̄−mt]

+ ψt · ip,t + βt[kp,t − qp,t] + αt[qp,t − kp,t]}

First order conditions read:

∂Lt
∂ct

= 0⇒ u′(ct) = λt (C.1)

∂Lt
∂ip,t

= 0⇒ λt = νt + ψt

∂Lt
∂ic,t

= 0⇒ λt = χt

∂Lt
∂kp,t

= −d(e−ρtνt)

dt
⇒ −νtδ + βt − αt = −ν̇t + ρνt

∂Lt
∂kc,t

= −d(e−ρtχt)

dt
⇒ λt

∂F (At, kp,t, kc,t)

∂kc
− χtδ = −χ̇t + ρχt

∂Lt
∂qp,t

= 0⇒ λt
∂F (At, kp,t, kc,t)

∂qp
− µt ·G = βt − α

∂Lt
∂mt

=
d(e−ρtµt)

dt
⇒ −φt + εµt = µ̇t − ρµt

The complementary slackness conditions are:

∀t, ψt ≥ 0 and ψt · ip,t = 0 (C.2)

∀t, βt ≥ 0 and βt · (kp,t − qp,t) = 0 (C.3)

∀t, αt ≥ 0 and αt · (kp,t − qp,t) = 0 (C.4)

∀t, φt ≥ 0 and φt · (m̄−mt) = 0 (C.5)

As before, C.5 implies that the carbon price grows at the relevant rate when
the carbon budget is not saturated.

Note that in the long run, the full utilization constraint is not binding, the1265

system tends to the same final stage as in the other sections, the transversality
condition writes and interprets similarly, and imposes the same constraint on
the parameters of the inter-temporal utility and exogenous technical progress
(A.4).
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Appendix C.1. Decentralization of the Second-Best Equilibrium with Investment1270

Mandates or Feebates

With mandates, the household problem becomes (65).
First-order conditions for the household can be reduced to the following

equations:

u′(ct) = λt (C.6)

νt = λt + σp,t − ψt (C.7)

χt = λt − σc,t (C.8)

λtRc,t = (δ + ρ)χt − χ̇t (C.9)

λtRp,t = βt = (δ + ρ)νt − ν̇t (C.10)

These equations show that the mandates sp,t and sc,t impose a shadow cost1275

and shadow subsidy on investment in polluting and clean capital respectively.
Below, we show that a feebate programs that mimics those shadow values can
also decentralize the constrained optimum.

Feebate. Unsurprisingly, the same transition can be obtained using a so-
called feebate program that subsidizes, that is offers a rebate θc,t on investment1280

in clean capacity and taxes, that is imposes a fee θp,t on investment in pollut-
ing capacity. With feebates, the household problem becomes 67. First order
conditions for the household become:

u′(ct) = λt (C.11)

νt = λt(1 + θp,t)− ψt (C.12)

χt = λt(1− θc,t) (C.13)

λtRc,t = (ρ+ δ)χt − χ̇t (C.14)

λtRp,t = βt = (ρ+ δ)νt − ν̇t (C.15)

To decentralize the constrained social optimum, the government simply needs to
set the feebate (θp,t, θc,t) such that the values of clean and polluting investment1285

are the same as in the previous cases; that is choosing θp,t such that (C.12) is
equivalent to (C.7) and choosing θc,t such that (C.13) is equivalent to (C.8). In
that case, the set of equations that describe the response of the household and
producer to the feebate scheme is the same as the set of equation describing
their response to the mandates.1290

Appendix C.2. CAFE-like standards

A prominient performance standard used in actuality is the Corporate Aver-
age Fuel Economy (CAFE) standard used in the US (Yang and Bandivadekar,
2017). CAFE standards set a minimum energy efficiency on average sales of
new cars in the US, which can be interpreted in our framework has a maximum1295

average carbon intensity on new capital:

G ip,t
(ip,t + ic,t)

≤ St (C.16)
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With CAFE-like standard, the household problem becomes:

max
c,i,q

∫ ∞
0

e−ρt · u(ct) dt (C.17)

subject to Rc,t · kc,t +Rp,t · qp,t = ct + ip,t + ic,t (λt)

k̇p,t = ip,t − δkp,t (νt)

k̇c,t = ic,t − δkc,t (χt)

ip,t ≥ 0 (ψt)

qp,t ≤ kp,t (βt)

Gip,t ≤ St(ip,t + ic,t) (Σt)

Firm’s FOC remain unchanged, and there are not stranded assets.
The present value Lagrangian for the household reads:

Lt = e−ρt · {u(ct) + λt[Rc,t · kc,t +Rp,t · qp,t − ct − ip,t − ic,t] + νt[ip,t − δkp,t]
+χt[ic,t − δkc,t] + Σt[Gip,t − St(ip,t + ic,t)]

+ ψt · ip,t + βt[kp,t − qp,t]}

First order conditions for the household become:1300

u′(ct) = λt (C.18)

νt = λt − ψt − Σt(G− St) (C.19)

χt = λt + ΣtSt (C.20)

λtRc,t = (δ + ρ)χt − χ̇t (C.21)

λtRp,t = βt = (δ + ρ)νt − ν̇t (C.22)

We see that standards increase the value of clean capital, while at the same
time they decrease the value of polluting capital. With CAFE standards, the
government has only one lever (the standard itself) to control two outputs: clean
investment, and polluting investment. In general, that cannot be achieved, and
the government would need an additional instrument (for instance a tax on1305

investment or consumption) to decentralize the second-best transition using
CAFE-like standards.

Appendix D. Second-best infeasibility zone

This zone defines the cases when the ceiling is reached before polluting ca-
pacities have depreciated to a sustainable level. If no investment is made in
polluting capacities, we have:

kp,t = kp,0 e
−δt

Therefore, the stock of pollution follows this dynamic:

ṁ = G kp,0 e
−δt − ε m (D.1)
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The solution to this differential equation is:

mt =

(
m0 +

G kp,0
δ − ε

)
e−εt − G kp,0

δ − ε
e−δt

This function reaches its maximum mmax at the date tmax when ṁ = 0. The
maximum date is thus

tmax = −1

δ
ln(

ε mmax

G kp,0
)

The expression of m at the maximum date gives the limit of the infeasibility
zone if mmax = m̄:

m̄ =

(
m0 +

G kp,0
δ − ε

)
e
ε
δ ln( m̄ ε

G kp,0
) − G kp,0

δ − ε
e
ln( m̄ ε

G kp,0
)

This can be rewritten:

m̄ =

[(
m0 +

G kp,0
δ − ε

)(
ε

G kp,0

) ε
δ
(
δ − ε
δ

)] δ
δ−ε

The “clean incentives infeasibility zone” depends on the capital depreciation1310

rate, the GHG dissipation rate, initial GHG concentration and initial polluting
capacities.

Since realistic values for the natural decay of atmospheric GHG ε, less than
0.4% per year (e.g. Rezai et al., 2012), are negligible with respect to capital
depreciation ε � δ, the previous relation can be approximated by m̄ = m0 +1315
G kp,0
δ , which is also simply the maximum of the solution of (D.1) when ε = 0.

Appendix E. Numerical model

Appendix E.1. Approach

To illustrate this paper, we use simulations of the social planner problems
24 and 53 solved in GAMS. The General Algebraic Modeling System (GAMS)1320

is a high-level language designed to solve optimization problems directly from a
description of the social planner problem (GAMS, 2018). Since the purpose is to
illustrate the article, we chose a calibration of the model that yields interesting
figures (see below). To obtain Figure 1 and Figure 6, we varied systematically
betta and mbar (which correspond to G and m̄ in the manuscript) in the code1325

below.

Appendix E.2. Code

1 Parameters
2 dt "length of time period" /1/1330
3 ;

5 Sets
6 t "Time periods" /1∗200/
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7 tfirst(t) "first period"1335
8 ;

10 tfirst(t) = yes$(ord(t) eq 1);

12 Parameters1340
13 rho "discount rate" /0.01/
14 betta "co2 intensity of capital" /0.005 /
15 kb0 "initial stock of brown capital" /10 /
16 delta "capital depreciation" /0.05 /
17 epsilon "carbon depreciation" /0.003 /1345
18 g "exogenous growth rate" /0.02 /
19 mbar "carbon budget (Tt)" /1.3 /
20 m0 "Init cumulative emissions (Tt)" /0.5 /
21 alpha "brown k productivity" / 0.303 /
22 gama "green k productivity" / 0.0303 /1350
23 A0 "Init A" / 40 /
24 ;

27 Positive Variables1355
28 c(t) "consumption"
29 ig(t) "green investment"
30 qb(t) "brown used capital"
31 ;

1360
33 variable
34 ib(t) "brown investment"
35 e(t) "emissions"
36 kg(t) "green capital"
37 kb(t) "brown capital"1365
38 m(t) "carbon stock"
39 y(t) "output"
40 A(t) "total productivity"
41 utot "utility"
42 ;1370

44 Equations
45 eq set kb0 "cond init"
46 eq set qb0 "cond init"
47 eq set kg0 "cond init"1375
48 eq set m0 "cond init"
49 eq set A0 "cond init"

51 eq set mbar "carbon budget constraint"
52 eq set underusedcapital "under utilization"1380
53 eq set fullusedcapital "full utilization"
54 eq set irreversibility "irreversibility"

56 eq cal totutil "tot discounted utility"
57 eq cal output "net output"1385
58 eq cal emissions "emissions from brown capital"
59 eq cal conso "budget equation"

61 eq dyn kb "dyn brown capital"
62 eq dyn kg "dyn green capital"1390
63 eq dyn m "dyn carbon stock"
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64 eq dyn A "growth"
65 ;

67 eq set A0(tfirst)..1395
68 A(tfirst) =e= A0;

70 eq set m0(tfirst)..
71 m(tfirst) =e= m0;

1400
73 eq set kb0(tfirst)..
74 kb(tfirst) =e= kb0;

76 eq set qb0(tfirst)..
77 qb(tfirst) =e= kb(tfirst);1405

79 eq set kg0(tfirst)..
80 kg(tfirst) =e= kb(tfirst)∗(gama/alpha);

82 eq set mbar(t)..1410
83 m(t) =l= mbar;

85 eq set underusedcapital(t)..
86 qb(t) =l= kb(t);

1415
88 eq set fullusedcapital(t)..
89 qb(t) =e= kb(t);

91 eq set irreversibility(t)..
92 ib(t) =g= 0;1420

94 eq dyn m(t−1)..
95 m(t) =e= m(t−1) + e(t−1)∗dt − epsilon∗m(t−1)∗dt;

97 eq cal output(t)..1425
98 y(t) =e= A(t)∗((0.00001+qb(t))∗∗alpha)∗(kg(t)∗∗gama);

100 eq cal emissions(t)..
101 e(t) =e= betta∗qb(t);

1430
103 eq cal conso(t)..
104 c(t) =l= y(t) − ib(t) − ig(t);

106 eq cal totutil..
107 utot =e= sum((t), log(1+c(t))/ ( exp(rho∗ord(t)∗dt)) )∗dt;1435

109 eq dyn kb(t−1)..
110 kb(t) =e= kb(t−1) + ib(t−1)∗dt − delta∗kb(t−1)∗dt;

112 eq dyn kg(t−1)..1440
113 kg(t) =e= kg(t−1) + ig(t−1)∗dt − delta∗kg(t−1)∗dt;

115 eq dyn A(t−1)..
116 A(t) =e= A(t−1) + g∗A(t−1)∗dt;

1445
118 model baseline/ eq set kb0 ,eq set qb0 ,eq set kg0 ,eq set m0 ,

eq set A0 ,eq set fullusedcapital ,eq cal totutil ,eq cal output ,
eq cal emissions ,eq cal conso ,eq dyn kb ,eq dyn kg ,eq dyn m ,
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eq dyn A ,eq set irreversibility /;
1450

120 model under / eq set kb0,eq set qb0,eq set kg0,eq set m0,eq set A0,
eq set mbar,eq set underusedcapital,eq cal totutil,eq cal output,
eq cal emissions,eq cal conso,eq dyn kb,eq dyn kg,eq dyn m,eq dyn A
,eq set irreversibility/;

1455
122 model full / eq set kb0,eq set qb0,eq set kg0,eq set m0,eq set A0,

eq set mbar,eq set fullusedcapital,eq cal totutil,eq cal output,
eq cal emissions,eq cal conso,eq dyn kb,eq dyn kg,eq dyn m,eq dyn A
,eq set irreversibility/;

1460

125 solve full using nlp maximizing utot

127 solve under using nlp maximizing utot1465
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